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SUMMARY 
A large truss is approximated by a continuum admitting projective transformations as microscopic deformations. 
A suitable set of parameters describing the microscopic deformation is extracted, and its spatial compatibility is 
investigated. Equations of equilibrium are derived by means of a variational principle. They define a special class of 
materials of grade 2. A complete solution is expressed in terms of potential functions in the three-dimensional 
isotropic field, which corresponds to a truss of random connection. Stresses around cylindrical and spherical 
cavities are analyzed to see the singular effects near the boundary surface. 

1. Introduction 

Static and dynamic responses of a structure are analyzed by the method of structural 
analysis. If the structure is large, however, a large number of algebraic equations must be 

solved. Numerical solutions can be obtained by the use of electronic computers, but 
calculations become expensive, when the number of equations is large. Hence a suitable 

technique for approximation is desired. For this purpose continuous approximation has 
been frequently used; elastic plates and shells have long been used as models for lattice 

plates and shells. Recently, Cosserat or micropolar continua [1] have been used to describe 
rotations of joints of a grid framework as a field variable I-2-6]. 

In general continuous approximation has one disadvantage: analytical solutions of the 
differential equations approximating the system are very difficult to obtain. In this respect 

the direct numerical analysis of the original discrete system is much more effective. However, 

we must avoid always resorting to numerical calculations, which require much labor and 
money, without any prospective insight. In contrast to the direct analysis the continuous 

approach makes theoretical forecast easy; if we know the differential equations approximat-  

ing the system, then we can read characteristics of the equivalent field. We can foresee 
various effects, whose actual magnitude is then determined by the direct analysis. Since this 
is the real merit of the continuous approximation, the equivalent continuum must be defined 
in such a way that it well represents the internal mechanism of the corresponding discrete 
system. The Cosserat or micropolar continuum models for grid frameworks are good 
examples. In this paper we shall show that elastic approximation of a truss is insufficient to 
describe the internal complexity and define a new continuum which admits projective 
transformations as microscopic deformations. 
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342 K. Kanatani  

The classical continuum is an ideal material, any small portion of which has the same 
mechanical properties possessed as a whole. In real materials, however, there is a lower limit 
of scale, below which mechanical characteristics differ from those macroscopically observed. 
In the continuous description of such materials the microscopic state of a limit element is 
expressed by additional field variables. Various kinds of additional variables can be attached 
in the form of vectors and tensors so that they can well represent the microscopic structure 
of the material [7-11]. Generalizing these results, we can say that the microscopic limit 
element corresponds to a topological space on which operates some transitive transfor- 
mation group, which is called the admitted microscopic deformations. If the transformation 
group is taken to be that of rotations, the continuum is that of Cosserat [7, 8], and if the 
group is that of affine transformations, the continuum belongs to Mindlin's materials of 
microstructure [10], or Eringen's micromorphic materials [11]. In this paper we shall take 
the projective transformation group as the admitted microscopic deformations to define a 
continuum model for a truss, for a truss has the intrinsic projective property that a line 
element is mapped on a line element. We extract a set of parameters specifying the 
microscopic deformations, or in other words the coordinates of the group, and investigate 
its spatial compatibility. Then the equations of equilibrium are derived by means of a 
variational principle. The boundary conditions are obtained at the same time. These 
equations define a special class of materials of grade 2 [ 12]. Then, following the procedure of 
Mindlin and Tiersten [13], we exhibit a complete solution in the three-dimensional space. 
The constitutive equations are taken to be isotropic for simplicity. The field then represents 
a truss of random internal connection. The solution is expressed in terms of four sets of 
potential functions, two of which are those of the elastic field. Finally, stresses around 
cylindrical and spherical cavities are analyzed to see the singular effects near the boundary 
surface. 

2. Projective deformations of a truss unit 

Consider the truss beam of Fig. 1. It is usually approximated by an elastic beam with the 
equivalent bending stiffness 

ff.I = E A  + E A  = ½EAh z, (2.1) 

p -  h --H EA EoAo 

~ EA ~ 

t t 

Figure 1. Continuous approximation of a truss beam. 

Journal of Engineering Math., Vol. 12 (1978) 341-356 



Cont inua with pro jec t ive  micros t ruc ture  343 

where E A  is the longitudinal stiffness of the upper and the lower members. The longitudinal 
stiffness EoA o of the diagonal members plays no role in bending. This approximation is 
actually in fairly good agreement with exact solutions. Let us consider the equivalent 
longitudinal stiffness of the truss beam. We find that the equivalent Young's modulus is 

ff~ _ 2 E A  1 + x ~ E o A o / E A  (2.2) 
" 

1 + E o A o / E A  

According to the theory of elastic bending, the bending stiffness of the equivalent elastic 
beam in Fig. 1 is then 

~ -h/2 E A h  2 1 + x / 2 E o A o / E A  
ff~'[ = ff~y2 dy  - - -  (2.3) 

J - h/2 6 , / 2  ' 
1 + ~ -  E o A o / E A  

which depends on EoA o, and differs from (2.1). This means that when we regard the truss 
beam in Fig. 1 as a continuum, we are regarding it not as an elastic continuum but as some 
other continuum which admits bending stiffness independent from the elastic constants. 

This is equivalent to say that we are considering a continuum admitting an additional 
degree of freedom. In the following we shall define a continuum whose mechancal 
characteristics are in agreement with those implicitly assumed in the continuous treatment 
of trusses and then explore the analytical consequences on the basis of our theory. 

Usually a large truss has a regular internal structure, and it can be regarded as an 
aggregate of "units" constructed by several members. If the unit is rectangular (or a 

parallelepiped in the three-dimensional case), it is deformed into a general quadrilateral (or 
a hexahedron). The deformation maps a line (or a plane) on a line (or a plane). 

Geometrically speaking, this fact characterizes projective transformations of the space. As is 
schematically shown in Fig. 2, if the displacement u' of the center of the unit is fixed, a 
projective transformation is expressed as 

x i' _ A~ x j  
1 + A j x  J '  (2.4) 

when it does not differ very much from the identity mapping. In general, of course, we must 
use a homogeneous coordinate system, but we consider infinitesimal deformations only, so 
that it is sufficient to use an inhomogeneous coordinate system. We adopt the rule of 

x i xi' aji cj 

Figure 2. Schematic representation of an infinitesimal projective transformation. 
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summation convention of indices over 1, 2 or 1, 2, 3 throughout this paper, and the 
coordinate system is always Cartesian, so that there is no distinction between contravariant 
and covariant components of vectors and tensors. As is customary in tensor calculus, we use 
( ) and [ ] to indicate the symmetric part and the ant,symmetric part of components, 
respectively. 

If deformations are small, we can put 

A~ = 3} + a}, Aj = -½cj, (2.5) 

where 6~ is Kronecker's delta, and a~ and cj are small quantities. Then we can expand (2.4) 
with respect to a~ and c i and we obtain 

• • ± .  ~ . j~ . i  ( 2 . 6 )  f x  i = a~x s + 2~j~ ~ ,  

where fx  i - x v - x', and terms of higher order are neglected. Then we can conclude that a~ 
represents the first-order deformations of the unit and that c~ represents expansions along 
the j-axis as is illustrated in Fig. 2. If another transformation of the same form 

6x j = b~x -i + ½djxJx i, (2.7) 

is applied after transformation (2.6), the composite is a transformation 

fix' = (a~ + b~)x j + ½(cj + dj)xJx i (2.8) 

up to the second-order terms. This gives the principle o fsuperposi t ion of transformations of 
the form (2.6). In other words, transformations of the form (2.6) constitute a commutat ive 

transformation group. 
The strain energy stored in a truss unit undergoing deformation (2.6) is a function of a~. 

and cj. Let the energy divided by the area (or the volume) of the unit be e(aj~, c~). According 
to the principle o f  material  frame-indif ference [12], the energy form must be invariant to 
rigid rotations. If a rigid rotation of the form 

6x i = co j y ,  (2.9) 

where coj~ is an ant,symmetric tensor, is superposed on (2.6), the energy becomes e(ajl 
+ co~:, c j) due to the principle of superposition (2.8). Since 

e(aji + coji, c j) = e(aji, cj) (2.10) 

must hold for an arbitrary ant,symmetric tensor ogj~, we can conclude that e depends only on 
the symmetric part of ail 

eji - -  a(j 0 (2.11) 

and cj. We call eji and cj the primary and the secondary strains respectively. Stresses dual to 
these strain with respect the energy are defined as follows: 

613 = tTJife.i, + OJfcj, (2.12) 
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t7 ji - c3e/cOeji , O r - Oe/c3cj. 

Due to the symmetry of ej~ we can assign symmetry to ~;': 

o "[ji] = O. 

(2.13) 

(2.14) 

We call cr ~i and 0 j the p r i m a r y  stress and the s e c o n d a r y  stress respectively. The primary 

stress a j~ is the reaction against the primary strain ej~, and the secondary stress 0 ~ is the 

reaction against the secondary strain c j, or a quantity like the bending moment  of the unit. 

Thus, taking the secondary stress into consideration, we can dissolve the inconsistency in 

the previous example of the truss beam. 

3. Constitutive equations for a truss 

Suppose an elastic rod is pin-jointed at two points A((i) and B( - (;) as shown in Fig. 3a. The 

length of it is 21 = 211¢~11. Let the two points undergo small changes AI~ i and -zJ2~ ~ 
respectively. The length changes to 21' = II 2~ ~ + ,t 1~ i + A2¢ ~11, and the longitudinal strain is 
(l '  - l ) / l  = ( 1 / 2 1 2 ) ~ i ( A 1 ~  i + zi2(i). The stored strain energy is then 

E A  
UA. -- 413 I-¢i(A1¢i + A2¢I)] 2, (3.1) 

where E A  is the longitudinal stiffness of the rod. Under our transformation (2.6), the 
increments A 1~ i and A 2~ i are 

= " " I t .  ~ j ~ i  A 2 ~ i  " " i s . ,  ~ j , ~ i  A I ~  i a}~ J + 2~j~ ~ ,  = a}~ J - 2~j~  ~ ,  

and hence 

(3.2) 

E A  
U.t  B - 13 (¢ i¢ ie j i )2 .  (3.3) 

Next consider two rods of the same shape and of the same material pin-jointed as shown 

in Fig. 3b. The strain energy stored under transformation (2.6) is determined in the same 

L 
) D(_~) A(t,i) 

B(-gi) t C(-~ i ) B(~ i ) 

(a) (b) 

Figure 3. A truss unit is composed of (a) diagonal members and (b) circumference members. 
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manner .  We finally obtain 

U A B ,  CD = 
E A  

x/'(l 2 + 122 - 2~/1/2) 3 
[{(~J~i - 2~J~ "i + ~(i)ej i}2 

q_ ¼{((/2 _ ~ll l2)~j  + (l 2 _ odll2)(J)cj)2-], (3.4) 

where l x = I1~11, 12 = II~ll, and ~ is the cosine of the angle determined by OAand OB. 

In general the strain energy of a truss unit  of  arbi t rary  internal s tructure is a sum of the 
forms (3.3) and (3,4), and hence has the form 

- -  1--171kjio o .q- 1 F f i c j c i "  
c - 2 ~  ~lk~j i  (3.5) 

Due  to the symmet ry  of %, we can assign the restrictions 

E lkjl = E ktji = E lkij = E jilk, F ji = f ij. (3.6) 

By definition the stresses are expressed as 

atk = EZkJieji, 0 j = FJicj, (3.7) 

which are the consti tut ive equat ions of the truss. We should note  that  the truss unit may  be 
of arbi t rary  shape, and that  E ~kJi and F ji may  vary smooth ly  f rom unit to unit. 

Consider  a two-dimensional  truss unit  shown in Fig. 4, for example.  The  energy per  unit 

area is writ ten as 

1 
+ -~UAB, CO + 2UAo, Bc), e - 4~flh 2 (UAc + U89 1 1 (3.8) 

where the energy of the circumference members  is divided by 2 because it is doubly counted 

when the sum over  the whole area  is taken. The  consti tutive equat ions are 

ax~ = / h e x ~  + 222e~ r + ~.lery, 

o "xy = )],2eyr Jr 221exr + 23eyy ( =  aYx), (3.9) 

tryr = 21ex~ + 223e~r + p2eyr, 

0 x --- V lCx ,  0 y = ]J2Cy, 

B K 

c 

,EA A 

[3 

Figure 4. An example of a truss unit. 
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where 

ct3(1 + x) 1 f13(1 + ~¢) EoA o + --~ EA, 
I~1 - 2~h E°A° +-flh EA, ~2 - 2oth 

~fl(1 + x) ~2(1 - K) f12(1 - ~c) 
21 - 2h E°A°' 22 --  2h E°A°' 23 - -  2h E°A°' 

ctTh flh 
v I = ~ - E A ,  rE= 2 EA. 

(3.10) 

4. Strain-displacement relations and equations of equilibrium 

In a truss one unit is pin-jointed to surrounding ones, so that each unit is not allowed 
independent deformations. Hence compatibility conditions must be required for a~ and c j, if 
they are to be regarded as continuous field variables. Here we try to express a~ and cj in 
terms of the displacement filed u ~ of the center of the unit. As is shown in Fig. 5, the 
displacement of a point ~ is, if considered to be induced by deformation (2.6) of the unit, or 
the microscopic deformation, expressed in the form 

(~i = ~Ja~ -~- l ~j~icj. ( 4 . 1 )  

If, on the other hand, it is considered to be induced by the displacement field u ~, or the 
macroscopic deformation, it can be expressed as the Taylor expansion 

6U'=~JOju~+½~k~JOk~jUi (4.2) 

up to the second order. Throughout  this paper d r denotes 8/Ox j. It is desirable that the 
microscopic deformation should coincide with the macroscopic deformation, i.e., the 
equality 5~ i = 5u i should hold for an arbitrary point ~i, but it is impossible because of the 
restricted form of our transformation (4.1). Let them coincide in the sense of the least-square 
error over some domain ~.  This is equivalent to say that elastic springs are attached 

between the unit and the underlying field over the domain ~,  for the potential energy of each 
spring is proportional to the square of the discrepancy there. Put 

' " 1 i E = Jl(a) - -  ~jU')~ j ~- ~(Cj5 k -- t~jSkUl)~j~kH2d ~. (4.3) 

o, / )  
l i , ~u  i 

Figure  5. The d isc repancy  between the microscopic  de fo rmat ion  and  the macroscop ic  deformat ion.  
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If we take the domain ~ to be symmetric with respect to each axis of the coordinate, we 
obtain, from dE/t~a~ = 0 and dE/t3c~ = O, 

1 
a~ = ~ju i, Cj = - -  Ttkjidldk ui, (4.4) 

mj 

where index j is not summed, and 

rnj = f~ II~kll (~J)2d~, T l k J i = f ~ l ~ k ~ j ~ i d  ~. (4.5) 

We can obtain an invariant form of c i irrespective of the choice of the coordinate system, if 
we take ~ to be a spherical region: 

1 
cj = - -  (Auj + 2d~SkUk), (4.6) 

n + 2  

where A is the Laplacian operator, and n (=  2, 3) is the dimensionality of the space. 
Generally ~ should be determined according to the geometry of the truss. Let us consider 
the two-dimensional truss unit in Fig. 4, for example. If ~ is taken to be the four points B, C 
and D, then we have 

Cx=~2~x~xUx-~fl2~y~yUy + 2fl2dxdyUy, 

C r = fl2~y~yUy + a2~x~xUy+2~2~x~yU x. 
(4.7) 

For the sake of simplicity let us use (4.6) in the following. Then the increment of the total 
energy is 

fE 1 1 6 U  = aiidfiui + ~ (OJdJuj + 20Jdj.diJu,) dV. (4.8) 

The virtual work done by external forces for the variation is 

J W  = b iJu idV  + (t~Jui + s c~.Jui)dS, (4.9) 

where b i is the equivalent body force per unit volume (or area), and t i is the surface traction. 
The quantity s ~ represents the reaction, like the bending moment, acting against the 
secondary strain through the boundary surface, and d, denotes the differentiation along the 
surface unit normal n~. According to the principle of virtual work, the equality 8U = J W  
must hold for an arbitrary variation Ju~. Integrating (4.8) by parts, and equating it with (4.9),. 
we obtain the equation of equilibrium 

1 aFJi + b i - (dO i + 2ait3p i) (4.10) 
n + 2  
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with boundary conditions 

2 
nFJi  = t i d- - -  [2n(j6~i)OJ -- njni6~nOJ 

n + 2  

n "~ n 

163 0il + ( ~,  njni/R~ - ~,  I(?)I!~)/R }OJ + 2 , J, -j -t I -  - ~ / - -  

• =1 c t = l  

1 
s i - (0 i + 20Jn~nl), 

n + 2  

(4.11) 

where l~ ~) is the a-th principal direction, and 1/R~ is the corresponding principal curvature of 
the surface. 

5. Displacement field in the three-dimensional space 

Now we try to find a complete solution of equation (4.10) in the three-dimensional space. 
We assume the field to be isotropic. It can be said that the field corresponds to a truss of 
random connection. If isotropy is required, the constitutive equations (3.7) take the familiar 
form 

( o   iekk) tr J' = 21z eji + ~ 

0 j = YCj, 

(5.1) 

where/t  and a are material constants corresponding respectively to the shear modulus and 
Poisson's ratio of the linear elastic field, while v is a new material constant related to the 
microstructure of the field. Substituting (5.1) into (4.10) with n = 3, we obtain the 
displacement equation 

1 
A(1 - 12zi)u + (~ - 8/2zi)VV-u + - - b  = O, 

/2 
(5.2) 

where we have put ~ = 1 / ( 1 -  2a) and 10 = (1 /5 )V/~ .  The new constant l o has the 
dimension of length and is about the order of the scale of microstructure. In the limit of l o 
= 0, equation (5.2) reduces to that of elasticity. We follow the procedure of Mindlin and 
Tiersten [ 13] to obtain a complete solution of the displacement equation. Substitution of the 
resolution 

u = V ~ b + V  × H (5.3) 

into (5.2) yields 

1 
A[(1 + c~ - 91o2A)Vqb + (1 - I~A)V x H I  = - - - b .  

bt 
(5.4) 
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We can put  

(1 + ~ - 9/o2A)V~b + (1 - 12A)V x H = B, 

AB = - l~b. 
It 

Tak ing  the divergence of (5.5), we obtain  

1 
- - - - V . B ,  A(1 12A)tk 1 + 

where we have put  l I = 3 /ox / I  + cc In tegra t ion  of (5.7) yields 

1 
(1 - 12a)c~ - ~2(1 + ( r ' B  + Bo), 

1 
AB o = - - r ' b .  

It 

(5.5) 

(5.6) 

(5.7) 

(5.8) 

(5.9) 

Again (5.8) is integrated to give ~b in the form 

1 12 
q~ = - -  ( r ' B  + Bo) + V ' B  + B1, 

2(1 + ~) 1 + 

( 1  - 12A)nl - -  14 V'b. 
It(1 + et) 

F r o m  (5.5) we have 

(1 - 12A)V x H = B - ½ V ( r ' B  + Bo). 

In tegra t ion of this yields 

V x H = B - ½ V ( r - B + B ) - I 2 V V - B + B ' ,  

( 1 - 1 2 A ) B ' =  12° b +  14 V V ' b .  
It It 

F r o m  (5.3), (5.10) and (5.13) we finally obta in  

u = B - cW(r-B + Bo) - ]~VV" B + B' + VB 1, 

ItAB = - b ,  It(1 - l~A)n' = - l ~ b  + l~VV'b,  

ItAB o = r 'b ,  It(1 - 12A)B1 = - C l ~ V ' b ,  

(5.10) 

(5.11) 

(5.12) 

(5.13) 

(5.14) 

(5.15) 

(5.16) 
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where 

1 l g ( 1  - 4 a ) ( 5  - 8 a )  1 - 2 a  
5 -  1 ~ = -  , a ' - - -  ( 5 . 1 7 )  

4(1 - a) ' 4(1 - a) 2 2(1 - a) 

In the limit of l 0 --* 0, the functions B' and B 1 vanish, and B and B o reduce to the Papkovitch 
functions of linear elasticity. 

If the body force b is absent, we have from (4.6) and (5.1) 

I 1 - 4 a  1 B' 3 ] 
O =  5,12o ~1 ~ a )  VV 'B  + 2VV'B'  + l~ ° +~I VB1 . (5.18) 

Assume the elastic solution u = B - ~'V(r. B + Bo). Then the secondary stress is 

1 - 4a 
O = 5.12 2(1 - a) VV.B, (5.19) 

which vanishes when cr = ¼. This fact implies that the microscopic deformation of the elastic 
field is nearly the first-order deformation only when a = ¼. In this case the elastic field is also 
the solution of the problem (4.10) and (4.11). 

In an infinite field equations (5.16) are integrated to yield 

B=4% d r dv, - 4.,1o To (b 120VV.b)OV, 

1 f ~ - d V ,  B 1 = ct'll f ( / f - ) V  B ° -  4n .  ~ ~ "bdV, 

(5.20) 

where ~,(r) = - e - r / r ,  and r = Ilrll. Consider the concentrated body force at the origin, and 
take the limit 

lim f b d V  = F. (5.21) 
V--*O 

Then expressions (5.20) reduce to 

B i _  4nl Fi, Bi = ~n~l ¢/Olo ~'Or 6j i+  r 3 lor2/ixJx i F~, 

~t  t 

B o = 0, B1 _ ~//1 xiFi, 
4n/z r 

(5.22) 

t tt t where ~u o = ~u(r/lo) , ~'o = ~"(r/lo), ~Uo = 9/'(r/lo), ~/1 = ~"(r/lx) and ¢/(.) denotes the de- 
rivation with respect to the argument. Employing (5.22) in (5.15), we obtain 

1 
U i ~ -  ~ c19jiFJ, (5.23) 
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[ 3 - 4 a  1 ( 1 - 4 t T ) ( 5 - 8 a ) / g  1 ( @ )  
~ji(r) = 4 ( f ~ a )  r 4(1 - a) 2 r a l o ~vl 

1 - 2 a  1 (/f__)] I 1 1 3 ( 1 - a ) ( 5 - 8 a ) l ~  
2(1 - a) 11 I/-/2 t~Ji + 4(1 - a) r a + 4(1 - -  0" )  2 r ~ -  

+ ~-~ ~u3 + 2(1 - a) l x q/3 xax', (5.24) 

~,l(r) = + ~ -  + e -r, 

( 1  3 3 ) e - r .  
= U + ? - + T v  

~%(r) /_~ - 1 )  =- + --~- e - r, 

(5.25) 

Then we can obtain the displacement field with distributed body force by superposition. 

ui(r ) = f ~ji(r - r')bJ(r')dr '. (5.26) 

6. Cylindrical and spherical cavities in a field of simple tension 

Consider boundary-value problems of equation (5.2) with the body force absent. Equation 
(5.2) is regarded as a singular perturbation to the displacement equation of elasticity. As is 
well known in the theory of singular perturbation [14], the unperturbed solution is in fairly 
good agreement with the perturbed solution except in the "boundary layer" whose thickness 
is about l 0. We now study the surface singularity by investigating the stresses around 
cylindrical and spherical cavities in a field of simple tension. 

Consider a cylindrical cavity of radius a of infinite length whose axis coincides with the z- 
axis. A simple tension T in the x-direction is given in cylindrical coordinates r, 0, z by 

~. 
a r '= (1 +cos20) ,  a ° ° = ~ - ( l - c o s 2 0 ) ,  

27 
a "° - sin 20, (6.1) 

2 

and the remaining components are zero. We wish to add a stress field which will produce a 
free surface at r = a and vanishes at infinity. We take the potential functions, for the 
additional field, to be of the form 

B x=B(r,O),  B r = B  z=O, B o=Bo(r  ,0), 

B'=B'(r,O),  B' r=B'~=O,  B l=Bl(r ,O) ,  
(6.2) 

z B  = 0 ,  (1 - t oZ)B ' = 0 ,  

AB o = 0 ,  (1-1~A)B 1 =0. 
(6.3) 

It can be shown that the desired potential functions have the form 
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cos O, = A E K  1 + A a K  2 cos 20, 
r 

B o = A  4 1 o g r + ~ - c o s 2 0 ,  B 1 = A s K  o + A 6 K  2 cos 20, 

(6.4) 

where K ,  is the n-th modified Bessel function of the second kind. The  constants  A 1 ~ A 6 are 

determined by the condi t ion at r = a 

0 , = 0 ,  0 o = 0 ,  

27 T 
o ~r - r/, = - ~- (1 + cos 20), a,o _ qo = ~- sin 20, 

(6.5) 

where 

1 ( 3  0, 1 ) 
= ~ 0  + - - + - - C o 0  o , 

rl" 5 \ 2  " ~ r r 

~o=-~ r~°Or + ~,0o- • 

(6.6) 

Explicit expressions for A 1 ,-~ A 6 are tedious and difficult to obtain, so that  we will resort  

to numerical  calculations using a computer .  The m a x i m u m  tension at the surface arises at 0 
= ___ (n/2). (See Fig. 6a.) As was predicted in the previous section, the stress coincides with 

that  of elasticity when a = ¼. The m a x i m u m  stress is below the elastic limit when a > ¼, 

while it is intensified when a < ¼. This is at tr ibuted to the different profiles of  the secondary 
stress near  the surface, which are shown in Fig. 6b. 

Stresses a round  a spherical cavity are obtained in the same manner .  Let the cavity be a 

4 

o 

3 

~=0.I 

~=0.2 

0=0.25 
~ ~ = 0 ~  

~=0.4 

0 0.1 to/Ca 0.2 

Figure 6a. The maximum stress o ~° at the surface of a cylindrical cavity in a field of simple tension z. 
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Figure 6b. The secondary stress 0 r near  the surface of a cylindrical cavity. 0 = + (n/2). lo/a = 0.1. 
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sphere of radius a whose center is at the origin and the tension z be in the z-direction. We 
seek a field to be added to the potential functions of the form 

B x = B  r=O,  B z=B(r ,O) ,  B o=Bo(r ,0) ,  

B' x = B ' y = O ,  B'z=B'(r,O),  B 1 =Ba(r,O), 
(6.6) 

in spherical coordinates r, 0, ~b. These functions are determined in the following form: 

B ~ -  cos 0. B o A2 A3 = = + (1 + 3 cos 20), 
r -Y- 

4 \  r + e-r//°cosO' 

= e -tIll + A 6 q- 3 + 3 e-r/q(1 + 3 cos 20). B1 As l_~_ 

(6.7) 

The indeterminate coefficients A 1 ~ A 6 are determined by boundary conditions (6.5), 
where instead of (6.6), 

+1( l )) 
rl" = -5 O'Or + --r O, r 0°0° + t~ffn O 

rto = -~ OoO, + -fO,Oo - . 

(6.8) 

The maximum tension at the surface arises again at 0 = _ (n/2). (See Fig. 7a.) The behavior 
is similar to the previous case, but, as is expected, deviations from the elastic limit are not so 
remarkable. Fig. 7b shows the profile of the secondary stress near the surface. 
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2 . 1 ~  o = 0 . 4 ~ / /  

f _ _ _  ~ o'= 0,2 
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o= 0.1 
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0 0.1 1o/a 0.2 

Figure 7a. The maximum stress o ~° at the surface of a spherical cavity in a field of simple tension z. 

_ a: 0.3 

o r/a 

Figure 7b. The secondary stress 0, near the surface of a spherical cavity. 0 = + (n/2). lo/a = 0.1. 

7. Conclusion 

We have described a large truss by a cont inuum which admits projective transformations as 

microscopic deformations. A suitable set of parameters  which characterizes the microscopic 

deformations is extracted, and its spatial compatibil i ty is studied. The equation of equilib- 

r ium is derived by means of a variational principle. Following the procedure of Mindlin and 

Tiersten [13], we have exhibited a complete solution in the three-dimensional isotropic 

space. Finally, stresses a round  cylindrical and spherical cavities in a field of simple tension 
are analyzed to see the singular effects near the boundary  surface. 
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